Theory of the fractional microwave-induced resistance oscillations 
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We develop a systematic theory of microwave-induced oscillations in magnetoresistivity of a 2D 
electron gas in the vicinity of fractional harmonics of the cyclotron resonance, observed in recent 
experiments. We show that in the limit of well-separated Landau levels the effect is dominated 
by a change of the distribution function induced by multiphoton processes. At moderate magnetic 
field, a single-photon mechanism originating from the microwave-induced sidebands in the density 
of states of disorder-broadened Landau levels becomes important. 
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Recently, a number of remarkable nonequilibrium phe- 
nomena have been discovered in a 2D electron gas 
(2DEG) under strong ac and dc excitation. Most atten- 
tion has been attracted to the microwave-induced resis- 
tivity oscillations (MIRO) [1], particularly following the 
spectacular observation of "zero-resistance states" (ZRS) 
in the minima of the oscillations Two mechanisms 

of the MIRO were proposed ("displacement" 0, H, @| 
and "inelastic" 0, Si), in both of which the MIRO 
originate from the oscillatory density of states (DOS) 
iy{e) of disorder-broadened Landau levels (LLs). Both 
mechanisms reproduce the observed phase of the uj/uc- 
oscillations (w and coc = eB/mc are the microwave and 
cyclotron frequencies, respectively). The displacement 
mechanism 0, 0] accounts for microwave-assisted scat- 
tering off disorder in the presence of dc electric field and 
produces temperature-independent MIRO, in disagree- 
ment with the experiments. By contrast, the inelastic 
mechanism 0, Q is related to the microwave-induced os- 
cillatory changes in the energy distribution of electrons 
and yields the MIRO with an amplitude proportional 
to the inelastic scattering time Tin (x T~^. At relevant 
T ^ 1 K, the inelastic mechanism dominates and the cor- 
responding theory Q reproduces the experimental find- 
ings 

Remarkably, in addition to the peak-valley structure 
near integer uj/oJc ("integer MIRO" , or IMIRO) , later ex- 
periments at elevated microwave power [lo| reported 
similar features near certain fractional values, uj/uJc — 
1/2, 3/2, 5/2, 2/3 ("fractional MIRO", or FMIRO), as 
well as "fractional" ZRS (less pronounced FMIRO 
features were also observed earlier [lH). It was pro- 
posed that the FMIRO can be explained in terms of a 
multiphoton displacement mechanism [12l|or. within the 
framework of the inelastic mechanism [7|, |8| , in terms of 
a series of multiple single-photon transitions [13, ■ 

In this Letter, we develop a systematic theory of the 
fractional MIRO. We demonstrate that in the limit of 
well-separated LLs the FMIRO are dominated by the 
multiphoton inelastic mechanism, while at weaker mag- 
netic field a microwave-induced spectral reconstruction 



(MISR) provides a competing single-photon contribu- 
tion. Both these mechanisms were disregarded previ- 
ously. Similarly to the IMIRO, in the fractional case the 
multiphoton displacement mechanism [l^ only gives a 
parametrically smaller contribution. As far as the mech- 
anism Il3l | is concerned, it is effective only close to 
the magnetic field at which LLs start to overlap. 

Formalism. We consider a 2DEG in a classically strong 



B in the presence of a weak dc field, 
a microwave field 
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where s± with + si — 1 parametrize polarization of 
the microwaves. The main parameters in the problem 
are related to each other as follows: 



where Tq and Ttr are the total and transport disorder- 
induced scattering times sX B = Oiand ew is the Fermi 
energy. We adopt the approach [1,13, B 13 the prob- 
lem, based on the quantum Boltzmann equation (QBE) 
for the semiclassical distribution function at higher LLs, 
/(e, ip,t)^Y. Fnraie) ex.p{irup + imut), 



It) - St{/} , 
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where Lp is the angle of the kinematic momentum and 
/T(e) is the Fermi-Dirac distribution. The QBE allows 
us to treat the interplay of the disorder, the Landau quan- 
tization, and the external fields, which are all included 
into the impurity collision integral St{/}. 

Our aim is to calculate the dissipative dc current, 
j = {jxijy), which is expressed through the first angu- 
lar harmonic Fio as j_ = jx — ijy — 2evF J dei'{e)Fio{e), 
where vp is the Fermi velocity. Provided Tin 3> Tq, the 
leading contribution to the MIRO comes from microwave- 
induced changes in the isotropic part Fqq of the dis- 
tribution, governed by the equation Foo(e) — fri^) — 
Tin(St{Foo(e)})t,(^- Here the angular brackets denote av- 
eraging over both the angle (p and the period of the mi- 
crowave field. The first angular harmonic Fiq, which 
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defines the current, is in turn expressed as iwcf 10(e) = 
{exp{—i(p)St{Foo{e)})t,^- As we show below, the above 
procedure captures both inelastic and displacement con- 
tributions to the MIRO [III, yielding 
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Here = e^i;|nj/o/2w^rtr is the Drude conductiv- 

ity, 1^0 — ?n/27r, and i>{e) = v{£)/vq is the dimen- 
sionless DOS. The operators Xoo(^^) and Kt-ci^) = 
KiQ{^)ujcTii-/i-Kevp can be found to any desired order 
in the fields E^c and E^^ from the Wigncr transform 
/C(r2, t, (j)) of the kernel of the collision integral St{/} 
Sill, K^U^) = (e-™'^~*/C(17,t,(^))t^^. To find 
the leading contributions to the FMIRO at half-integer 
w/wc, we calculate Knm to first order in 'Ei^Lc and fourth 
order in Et^, which gives 
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Using the notation E± ~ ± iEy and 

£± = s± (2rq/Tti.)^/^ eE^VF/uj{ujc ± , (6) 

and introducing the dimensionless microwave power, 
Pui = {£^+Sl)/2, we express the coefRcients An — A^n^ 
OiP^i) and B,,^B^^^O{EacP:i) as 

= P^/4-4A2, 
A2 = 3P^/32 + 35+£^/64, 
_Bo = E— — 1B\ — 2^2; 
Bi = 3PujE-/2 + 3£+£-E+/i - 4^2, 
S2 = 45(2P2S_ + £2£2 ^_ + 2P^£+£_S+)/64. (7) 

Integer MIRO. Before proceeding to the mechanisms 
of the FMIRO, it is instructive to show how the results 
@, Q for the displacement and inelastic contributions to 
the IMIRO at leading order are reproduced within 
the present formalism. To this end, we put A2 = B2 — 
and calculate Poo to first order in Ai = Pcj/4, which, 
according to Eqs. (11])-(17]), gives 

Poo-/t = ^Ai^ Die - n)[Me - n) - Me)]. (8) 

n=±uj 

The result for the current ([3]) at order P^ has the form 

j- 
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Bo{i>'{e)), + BiTi{Lo) + ^E^AiT2{io), (9) 



where the functions !Fi{il) and !F2{i^), defined as 

J'lin) = 2dnn{['ie)i^ie + n)),, (10) 



oscillate with fi/wc. Here we assumed that the 
Shubnikov-de Haas oscillations are exponentially sup- 
pressed by temperature, 27r^r ^ lJc, so that the energy 
integration in Eq. ^ is effectively replaced by the aver- 
age (. . .)e over the period Wc of the DOS. 

In Eq. ([5]), the first term describes the dark current 
together with a non-oscillatory (displacement) correc- 
tion induced by microwaves, while the second and third 
terms are the displacement and inelastic 0] contri- 
butions to the IMIRO, which oscillate with uj/luc- In 
the limit of separated LLs, ujcTq ^ 1, the DOS is a se- 
quence of semicircles of width 2r = 2(2ti;c/7rTq)^/^, i.e., 
i>(e) = TqRei/r^ — (fc)2, where Se is the detuning from 
the center of the nearest LL. In this limit, calculation of 
and J^2{^) from Eqs. ^ and ^ yields 

= E^i(i^»i) + ^sgn(aoH2(ia.i) , (12) 



j^2i^) 4r2wc 
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Esgn(aO*2(|f^n|) 
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Here Qn = - nLUc)/T and {i>'^{e))e = mLUc/Sn'^T. The 
parameterless functions [16] Ti.i{x), Ti2{x), and $2(x) are 
nonzero at 0<x<2 (see Fig. [J), 

Hiix) = i2 + x)[{A + x^)E{X)-AxK{X)]/8, (14) 
H2{x) = 3a; [ (2 + x)E{X) - 4K{X)]/8 , (15) 
47r$2(a;) ~ 3a; arccos(a; — 1) — .t(1 + a;) Va?(2^^a?) , (16) 

where X = {2 — xY j (2 -f x)^ and the functions E and K 
are the complete elliptic integrals of the first and second 
kind, respectively. 




FIG. 1: Functions sgn(— x)$2(|a;|) and 3>3(|x|) (solid lines), 
'H\(\x\) and sgn(a;)'W2(|a;|) (dashed lines). 

Two-photon FMIRO. At order P^, microwaves do not 
produce any oscillatory structure near the fractional val- 
ues of uj/ujc = 1/2, 3/2, . . . [see Eq. (jH]. Moreover, in the 
limit F <C Ci^c, the oscillatory terms (O are finite only 
in the narrow intervals (w — NlJc) < 4F around integer 
uj/llIc = N. Solution to Eqs. (g]), Q at order E^ in the 
regions where j/(e)i^(e + lu) — gives 

^—^^Bo{D^{e)), + B2Ti{2u;) +—E.A2F2{2uj). (17) 

Z(J Tq 
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Here A2 cx and B2 oc E^cP"^ are given by Eq. ([7]). 
The doubling of the arguments of the functions Ti and 
J^2 in Eq. ^ [as compared to the IMIRO case, Eq. (O] 
reflects the two-photon nature of the effect and leads to 
the emergence of the FMIRO at half-integer uj/oJc- The 
form of the inelastic [the last term in Eq. p?]) ] contri- 
bution to the FMIRO is identical to that in the IMIRO 
case, Eq. (|9]), and the same holds for the displacement 
contribution (the second term). In both the integer and 
fractional cases the inelastic term is a factor cJcTin/TqE 
larger than the displacement contribution. 

With increasing microwave power, the current in the 
minima becomes negative, j • Edc < 0, indicating a tran- 
sition to the ZRS [l3|- Remarkably, like in the IMIRO 
case [§], the leading-order approximation for the inelas- 
tic effect, Eq. ((T7]), is sufficient to describe the photore- 
sponce even at such high power, since the second-order 
term oc {P^Tin/T,^^ remains small in the parameter T /ujc- 



Pnv = P-^i,~v have nonzero values for {/i, v} = {—1, 0, 1}: 
Poo = PljI'^, Pw = Poi = f+f-/8, pii = £+, pi-i = £'i. 
Solution to Eqs. dUl), (HH) of order El for g^,^{e) = 

— 2a;cX]n IniGi^^i/(£), which enters Eq. ([2T|) for Fqo, is ex- 
pressed through the zero-order self-energy s{e) = Sqq^(£) 
and 27rGl°^(£) = [e„-s(£)]-i: 



-2puj/Im 



s(£ 



s{e 



2s{e 



n 
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(20) 



where n^^(£) = 27rwc I]„ G,^+2i/(£-A'^)Gn ^ (e + M^) and 
£„ = e—riLOc—^cl'^- In the limit WcTq ^ 1, the self-energy 
= I E„ e« - Rc^il"^ - zRcyr^^. 
Sideband mechanism of the FMIRO. The MISR, 
Eq. (j20|) . gives rise to additional, single-photon contribu- 
tions to the FMIRO near half-integer uj/lUc (see Fig. [2|). 
Restricting the following analysis to the inelastic effects, 
we rewrite Eq. ([?]) in a generalized form: 




FIG. 2: Illustration of possible contributions to the FMIRO 
foroj/wc = l/2-|-r/2 andwc/r = 7. Single-photon transitions 
within and between LLs (thick lines) are forbidden, while two- 
photon processes are allowed. The microwave-induced side- 
bands (|22p (solid lines) an d (I23II (dashed lines) make single- 
photon processes possible p^ . 

Microwave-induced spectral reconstruction (MISR). 
Above, it was assumed that the spectrum of the 2DEG 
is not modified by the microwaves. It turns out that, 
unlike the IMIRO, in the FMIRO case the MISR is 
relevant, since it provides additional channels for elec- 
tron transport in the gaps for single-photon absorption. 
The microwave field enters the equations for the spec- 
trum of the 2DEG at high LLs 0| in the combina- 
tion [J2±S±cos{(p ± Ldt)]"^, suggesting a representation 
of the retarded Green function and self-energy in the 
form {G^i, !]}(£, ^,t) = E^,,. e2^''"*+'^"f {G^-- 
where the operators h and ip obey [?x, <£l = —i. Wigner- 
transforming Eqs. (2.7), (2.15) of Ref. [H yields 

[e - fiLu ~ {2v + n + I/2)tJc]G„^^(£) = (5^,o'5iy,o/27r 

+ ^ S^/^/(£ -I- n'u - y.uj)Gn,i_i-i_i',y-v'{£ + m'w), (18) 

^ ^ Gnfiiyi^) = ^fii^is) + ^ ^ Pfi-fi',i/-i/' 
^ n M ,f 

x[2E^,,,(£) - ^^,,,{e + Lj)^ I]^v'(e - uj)], (19) 
where we used ne^"^^ = e^*'^'^(n + 2iy). The coefficients 



Fooi£)-fT{£) 



E 
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X g^^(£ - r2)[Foo(£ + fiuj) 



if-2M,-2.(f^) 

-Fooie)], (21) 



which takes the form of Eq. (|4]) in the case of a i and 
(f independent spectrum; in particular, for the unper- 
turbed DOS, i>(£) = 5^°^ = -2TqIm s{e). At order E^, 

TqK2^,M^) = 2TTp^4d{n + uj) + s{n ^u)- 2S{n)]. 

According to Eq. ([20]) . g'l^J have nonzero values at 
energies inside the unperturbed LLs {\6e\ < F), where 
iy{e) 0, and also at e corresponding to i>{e ± w) ^ 
("microwave-induced sidebands"). Provided lu — (N + 
l/2)uJc + 0{r), the sidebands appear at \Se\ = uJc/2 + 
0(r), where Eq. ([20|) gives, to leading order in T/ojc 



5^,2±i^t.(e) = 



5oo = o [^(^ + ^) + v{£ - w)] , 



c ' q 



TqPlil' 



fiUJ 



-lm[s^{e+uj)-s^{e-uj)]. 



(22) 
(23) 



In the presence of the sidebands, single-photon tran- 
sitions become possible (Fig. [5]), i>{e)g'i}J{e ± uj) ^ 0. A 
correction to Fqo, induced by the sidebands in the DOS 
dm), is given by Eq. © with i> substituted by z>(^''). Cab 
culation of the current ^ with the resulting Fqq, the 
unperturbed DOS, and with Kn — S{V,) _E_ dn yields 
the "sideband" contribution to the FMIRO: 

£.fc)/2^i3 = 7rE^Ti,-,P^T2{2Lu)/64io,T^ , (24) 



uJr.Tq smaller 



which is of the same form but a factor 
than the leading two-photon inelastic contribution (jI7p 
For the "oscillatory sidebands" (|23p . we use Eq. (EI 
to obtain Fqo, which yields the current 
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T3{2ij). (25) 



4 



Here ^3(r2) is an even function of rj„ = (fJ — nuOc)/T: 



2w, 



/ .--,2 



(26) 



The parameterless function <i>3(x) (Fig.[T]) reads 

.1 + x 



+arccos(a;— 1). 



The contribution of the oscillatory sidebands ([25)1 is a 
factor ~ (wcTq)^/^ larger than the contribution (p4|) . 
In contrast to the contributions (|17p and ((24|) . it is an 
even and strongly non-monotonic function of the detun- 
ing from the resonance (see Fig. [T]). Both these circum- 
stances favor the possibility of observing experimentally 
the changes in the shape of the FMIRO that should be 
induced by the contribution at not too large Wc^q. 

Summary and disscussion. We have shown that in 
the limit of separated LLs, Wc^q ^ 1, the fractional fea- 
tures in the photoresponse of a 2DEG are dominated by 
the multiphoton inelastic mechanism [the last term in 
Eq. (|17p ]. while the displacement multiphoton contribu- 
tion [the second term in Eq. (fT7|) ]. considered in Ref. Il2l. 
is negligible provided WcTin/TqF 3> 1. The main correc- 
tions ([M)) . (P5|) to the multiphoton inelastic effect orig- 
inate from the microwave-induced sidebands ([22]) . ([23]) 
in the spectrum of a 2DEG (see Fig. In the limit 
^cT(i 3> 1, the sideband contributions are small in the 
parameter T /ujc and only slightly modify the shape and 
the amplitude of the FMIRO, which are dominated by the 
multiphoton inelastic mechanism. However, at Wc^q ~ 1 
all three inelastic contributions (fTT)) . (|24)) . and (|25|l be- 
come comparable in magnitude. 

At LOc < 4r, single-photon processes both within and 
between LLs become allowed. Here, the FMIRO are dom- 
inated by the resonant series of multiple single-photon 
transitions 13, l3| in the framework of the single-photon 
inelastic mechanism [§[. Albeit this effect only exists 
in the crossover region lOc ^ F, it appears at order 
{TinPLj/Tq)^ and is thus detectable at smaller P^^ than the 
above contributions. Finally, in the regime of overlapping 
LLs, uJcTq <^ 1, the FMIRO become exponentially weaker 
than the IMIRO: while the B-damping of the IMIRO is 
described by the factor (5^ = exp(— 27r/u;eTa) <C 1 the 
FMIRO appear at order 5^ [il[l3]. 



To conclude, there are competing mechanisms of the 
fractional oscillations, each of which is effective in a dif- 
ferent region of magnetic field. The experimental obser- 
vations [1.0] should be attributed to the single-photon in- 
elastic mechanism l^, 14 [ since the FMIRO in Ref. [l3| 
were only observed for microwave frequencies below a 
certain threshold. By contrast, in Ref. [3| no frequency 
threshold was reported and strongly developed ZRS were 



observed, which favors the explanation in terms of the 
mechanisms we consider here. It would be of interest 
to perform experiments on the FMIRO in the regime of 
well-separated LLs, where gaps in the single-photon ab- 
sorption spectrum were observed (20j . In particular, to 
distinguish between the different mechanisms, we suggest 
to measure and compare the power and temperature de- 
pendencies of the photoresponse at F ^ Wc and F ~ Wc- 
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